Black hole spacetimes are semiclassically not static. For black holes whose lifetime is larger than the age of the universe we compute, in leading order, the power spectrum of deviations of the electromagnetic charge from it's average value, zero. Semiclassically the metric itself has a statistical interpretation and we compute a lowerbound on its variance.
I. INTRODUCTION
Since the seventies after the remarkable work of Hawking 1 , Fulling 2 and others, there has been a flowering of technical development and interest in semiclassical gravity*. The central problems of this approach, already outlined in some of the very earliest papers, include understanding the meaning of static solutions, the apparent loss of unitary evolution in black hole spacetime, and the nature of the endpoint of black hole evaporation. It is difficult to ascertain whether these questions are addressable with semiclassical techniques, and many researchers have found it instructive to study these questions in low-dimensional models such as two-dimensional dilaton gravity 3 .
One of the central results of semiclassical gravity as it applies to Schwarzschild spacetimes is that the Green function of quantum fields is periodic in imaginary time. This means that one should regard the fields outside the hole as being excited and being characterized approximately in terms of a thermal distribution. An observer at rest in these co-ordinates but out in the asymptotically flat region will see a thermal flux of particles emerging from the hole. It is understood that this Hawking radiation is responsible for the decay of the black hole.
Of course, since the black hole has a finite total energy, it's dissolution into Hawking radiation is not a smooth process; in a fixed time interval the amount of energy it radiates varies statistically. The semiclassical result represents the time averaged rate of the process.
Simply put, the Hawking process is "noisy". Unfortunately, the evaporation process is, by nature, a non-equilibrium process and would be very difficult even in principle to model ex-* By semiclassical gravity we mean treating matter fields quantum mechanically in classical geometrical backgrounds.
actly. In order to avoid non-equilibrium questions we rigorously answer what we feel are physically interesting questions about equilibrium states entirely within the context of semiclassical gravity. Since for most of its evolution the black hole spacetime is well approximated as a quasi-equilibrium state, assuming equilibrium seems physically reasonable. Indeed, the static classical behavior of four-dimensional black holes in equilibrium with a radiation bath is a well studied problem 4 . Furthermore, experience with many dissipative systems even far from equilibrium indicates that often the actual noise has nearly the same norm and statistical properties as noise computed assuming equilibrium conditions.
This work describes a computation of the power spectrum of the charge of a fourdimensional black hole assuming equilibrium. We do this in a regime where the semiclassical response to charging the hole is given by a linear equation, although this analysis may be extended to the non-linear regime. The results we obtain yield a lower limit on the the statistical variations of the metric itself, which is interpretable as the "seismology" of the spacetime's geometry. We treat the metric as a background field and so seismology arises in a different way than that of Ref. [5] where the gravitational field is treated dynamically and semiclassically. Section II contains an introduction to equilibrium notions and noise, Section III is a computation of the power spectrum of the charge for a black hole and Section IV discusses the physical effects and back reaction on the metric.
II. CHARGE AND EQUILIBRIUM
In this paper we will restrict our attention to nearly static solutions of Einstein's equations coupled semiclassically to the usual electromagnetic field and electron. Thus we are interested in nearly static solutions that extremize the action
We will show below that the results will not depend on the particular type of charged matter field that one uses, and only on the total number, N , of "electron" (lowest mass, charged)
species. For the purpose of simplicity here it we require that all the lowest mass charged species have the same charge. Below, when discussing numbers we use the physical (spin) degeneracy N = 2 but it is useful for reference to retain the N -dependence explicitly in some of the formulae.
The static electrical properties of black holes are summarized by the well known ReisnerNordstrom (RN) solution to Eq.(2.1), whose metric and gauge field are (in the usual spherical co-ordinates t, r, θ, φ,)
where B = 1 − 2M/r + Q 2 /r 2 , and with M and Q being the mass and charge of the hole, respectively. The metric has two horizons, r ± = M ± M 2 − Q 2 , and semiclassically the temperature of the outgoing radiation as seen from a stationary Schwarzschild observer at infinity is 1/β =
The semiclassical evolution of the RN solution has been studied extensively. One of the earliest references is due to Gibbons 6 where he computed the charge loss rate, mostly with an interest in understanding the super-radiative regime where mM < eQ with m and e being the mass and charge of the electron, the lightest charged species. This work was followed up by many other authors 7, 8, 9, 10 , which studied in more generality and precision the evaporation of charged black holes into empty space. These works all use the simplest result of the Hawking calculation, namely expressions for the time-averaged rate of energy or charge loss, and the conclusions of these earlier works are summarized phenomenologically in terms of decay rates for the M and Q parameters of Eq.(2.1). Thus, from the point of view of this simple use of semiclassical gravity, one finds that the charge always dissipates away, eventually leaving a neutral hole. The main point of this paper will be to show in a quantitative way that this expectation is too naive. Instead, if we regard even an initially neutral hole as a quasiequilibrium state, the charge of that hole will fluctuate about zero. Let < > represent an average over the equilibrium ensemble. Although charge symmetry for the spacetime of a neutral black hole suggests that < Q >= 0, the charge on the hole will undergo statistical fluctuations so that < Q 2 > = 0. This fact was known long ago 8, 11 , and may be understood as a simple consequence of the equipartition theorem. Since the energy in the electrostatic field outside of a hole of mass M and charge Q << M is
we expect in equilibrium that this energy will be ∼ 1 2β so that
in electron units. Note that this result is independent of the mass of the black hole, and also independent of the mass of the electron and the number of electron species.
It is important to emphasize that this < Q 2 > is not a consequence of the granularity of charge, and is to be understood as a statement about an ensemble of identically prepared black holes (or equivalently, one black hole observed over a long time) in equilibrium with a heat bath. Thus, it is no difficulty that < Q 2 > = Z in electron units. This result also holds for astrophysical black holes in the limit of low total charge. Of course, in most practical applications, an astrophysical black hole in a space plasma will tend to acquire a net positive charge (which would be, in practice, much bigger than that implied by Eq.(2.4)) as a consequence of the well known Langmuir effect 12 , which has nothing to do with the effects of semiclassical gravity. We restrict our study to that of a black hole in either empty space or a box filled with thermal radiation comprised solely of photons, electrons and positrons but in thermal equilibrium with the hole.
III EQUILIBRIUM CORRELATION FUNCTIONS
The results of the previous section indicate that the average charge of a nearly neutral black hole at equilibrium is zero (< Q >= 0) but that the average charge-squared < Q 2 > is non-zero. If one throws charge into a neutral black hole of macroscopic horizon radius it will stay charged for a very long time, and so the above result, although correct, needs further elucidation. In particular, it would be of most interest to calculate the charge-charge correlation function < Q(t)Q(0) >. In this section we compute this, and indeed semiclassically all correlation functions of the charge of a black hole in equilibrium but only in the limit that the total charge on the hole is small. By low charge we mean the ratio, Λ, of electromagnetic force and gravitational force on an electron is less than one; Λ = eQ/mM < 1. Note that since e/m >> 1 in rationalized units, the Hawking temperature for the RN spacetime (which is given above in terms of M and Q) is essentially independent of the charge.
In computing this correlation function we will re-derive and use a generalization of the fluctuation-dissipation theorem (FDT) 13 for curved space. This theorem will ultimately relate the charge-charge correlator ('fluctuation') to a 'linear transport coefficient' that characterizes the evaporation of the black hole's charge. The linear transport coefficient for charge loss follows directly from the results of Hawking, Fulling, Gibbons and others using the quasiequilibrium notions of semiclassical gravity. It has long been known that the best description of a black hole spacetime semiclassically in equilibrium is as an ensemble of spacetimes 'nearby' a given solution 11 . Also, the variance of this ensemble was computed by various means 11,14,15 .
Page 8 computed the likelyhood of any particular measurement of the charge of a black hole, essentially finding a gaussian probability with variance given by Eq.(2.4).
One way to understand the results we present here is that we will compute more than just these 'static' (i.e. equal-time) variances such as Eq.(2.4). Instead of computing averages over the ensemble (simple phase averages) we use a version of the FDT to compute properties about the average temporal evolution of a single system in the ensemble. Noise (that is, correlation functions) in a co-ordinate of a sub-system can be thought of as an average over an ensemble of trajectories in the ensemble used to compute phase averages. The temporal evolution of the sub-system is a consequence of the fact that it is dissipatively coupled to the rest of the system.
It is very natural to understand the Hawking effect as a dissipative phenomena. Dissipation is generic to situation in which one studies a particular degree of freedom (for example, the metric or the charge of the hole) of a system that is coupled to a continuum of other degrees of freedom (here quantum fields) whose precise evolution is treated approximately.
This connection between the Hawking effect and dissipation has been explored mostly in the context of isotropic cosmological models 16, 17 .
Strictly speaking, for the FDT we develop and use here, we are formally assuming that the charge is a continuous variable and so are implicitly working in the approximation that α is small. Versions of the FDT has been used before in semiclassical general relativity for the back-reaction on the gravitational shear due to the emission of gravity waves 18 and studying the stability of AdS spacetimes 19 but we use it in a rather different way here.
To begin with, consider that the number of charged quanta of spin s (in the charged 
where e is the charge of the matter field. σ ± E is simply the total absorption cross-section. The energy, E, is p 2 + m 2 and Φ h = Q/r + is the 'voltage' of the horizon w.r.t. infinity. Gibbons derivation. Approximately, the total absorption cross-section σ
where A ± is found by solving the geodesic equation and to lowest non-vanishing order in M and Q is
Now, using the fact that the total current at infinity as given in terms of dn ± /dt iṡ
and furthermore, for holes whose lifetimes are long compared with the present age of the universe and using m > 1/β
and working in the Λ < 1 regime we can use Eq.(3.2-3.5) to relate the net current at infinity to the hole chargeQ
is the lifetime of charge on the hole in terms of λ, the compton wavelength of the lightest charged particle, and r h (∼ 2M ), the Schwarzschild radius of the hole (c is the speed of light.)
Notice that the charge loss is proportional to the total charge and τ is only a function of m, M ,the Planck scale and α. Note that this decay time τ of Eq.(3.7) is of a very different from that found in the Λ >> 1 limit (compare with Ref. [6, 7, 9] .) This is due to the fact that in the Λ < 1 regime we ignore the small contribution to the rate formula due to "super-radiance" that arises from pair creation in the constant electromagnetic field 19 .
To an observer in Schwarzschild co-ordinates, the evaporation of the charge of the hole has a very simple local explanation. Such an observer would conclude that since the quasiequilibrium state corresponds to putting the black hole in a box filled with radiation at the temperature of the hole, the loss of charge from the hole is simply a result of the charges in the bath neutralizing the hole. Indeed, τ has the dimensions of electrical resistivity and it is precisely the resistance to the flow of the electron and positrons in the geometrical background of the hole. It is instructive to make this interpretation quantitative. Note that the resistivity, ρ, (supposing the metric is approximately a flat Minkowski metric) of a thermal bath is given
where n e is the number density of electrons and positrons in the bath
and ∂V ∂E is the drift velocity per unit applied electric field. This may be easily estimated by ∂V ∂E = el/mV where V is the mean velocity of the electrons in the bath (∼ β −1/2 ) and l is a length scale for scattering. In the low temperature limit the scattering due to the interaction of the drifting charges with the other particles in the bath is negligible, and l is well estimated by a gravitational scattering length. The gravitational scattering length is the length over which a thermal particle in the vicinity of the hole would experience an O(1) change in its to the equilibrium fluctuations in the charge-charge correlation function. On general grounds in the interaction picture we may write the response (current) to the presence of a gauge field A ν to first order in terms of the commutator of two currents,
where < J a > 0 is the current when there is no applied electric field (by charge invariance of our neutral black hole state we ascertain that < J a > 0 is zero) and where roman indices refer only to space components (well defined by the existence of a global time-like killing vector in the spacetime of Eq.(2.2)) whereas greek indices are Minkowski.
It is convenient to define the local conductivity tensor σ b a (ω) that relates the current < J a > to the total electric field
and by standard manipulations of Eq.(3.10), computing as a local Schwarzschild observer would, we find the Kubo 21 result,
with J a being the current averaged over space and where Γ is an infinite constant associated with the spectral density of the photon propagator. The term involving Γ is a trivial consequence of the fact that, by gauge invariance, the equal time commutator of a time and a space component of the electromagnetic current cannot be zero. It is essentially the polarizability of the vacuum modes, and of course cannot lead to any dissipative effects 23 . Now, although we might guess that the commutator of two space components of the current is also zero, in view of Eq.(3.6) this can clearly not be the case in the curved space of Eq.(2.2). We are interested in the part of the conductivity σ b a that is even in frequency ω. By trivial manipulations of Eq.(3.12) we have
As shown in Ref. [24] , the correlation functions of fields in a black hole spacetime behave asymptotically as finite temperature Green functions at the temperature of the hole. Thus, they satisfy the well-known KMS condition and use of that condition allows one to relate the fourier components of the commutator and product of two currents,
The FDT in this context is just Eq.(3.13), the dissipation, taken together with Eq.(3.14), < J a J b > representing the fluctuation*. Thus integrating the radial current in Eq.(3.6) that arises as a response to the electric field (caused by the charge on the hole) over a two sphere and putting all the metric factors in Eq.(3.13), the high temperature limit (β → 0) of Eq.(3.14)
becomes,
where R = τ /r + has dimensions of resistance. Notice that this result diverges as ω → 0.
Since Parsifal's identity, This would imply that if you started with a neutral hole that after some time the charge would have drifted quite far from zero. This is what we would expect perhaps for the evolution of a * As described later, for Λ < 1 we will be most interested in the high-temperature limit of the FDT and so the Wightman function (RHS of Eq.(3.14)) will well approximate the causal Green function that one would detect experimentally.
global charge of the hole but not for a charge associated with a gauged symmetry. Indeed, this Brownian-like behavior of the charge tells us that we have unwittingly neglected the biasing of the charge loss by the electrostatic energy of the charge of the hole! Thus far we have neglected the F 2 term in the Lagrangian Eq.(2.1), and it is easy to see that including it in the analysis will modify the small ω behavior of Eq.(3.15). The correct formula for the charge-charge correlators may be found by exploiting an electrical analogy.
From Eq.(2.3) above and from the charge decay formula Eq.(3.6), it is natural to think of a nearly neutral black hole as a circuit comprised of a capacitor (of value r + , the hole 'radius')
shunted by a resistor (of resistance R = τ /r + ). Here the resistor is materially caused by the quantum fields outside the hole and thus is in a quasi-equilibrium state at temperature 1/β.
It is a well know consequence of the FDT that a resistor at a high temperature/low frequency acts as a source of 'white' voltage noise,
and so the equivalent circuit diagram of our nearly neutral black hole is as shown in figure 1.
Using Kirchoff's laws it is now simple to ascertain the charge-charge correlator
This formula is finite as ω → 0 and as expected yields Eq.(2.4) when integrated via Eq.(3.16)*.
Also, for a linear system, such as the loss of charge off of a nearly neutral hole for Λ < 1, all * Actually, Eq.(3.19) is the high temperature limit of the full FDT result
.
Most of the support for this correlation function comes from the region ω < 1/τ and since for Λ < 1, β/τ ∼ 0, Eq.(3.19) is a very good approximation to the full FDT result.
higher correlation functions of the charge descend from the two-point correlator in the usual way. This result generalizes the equal-time correlators of Page 8 .
IV. CONSEQUENCES AND A SEISMIC LOWER BOUND
We now discuss a few consequences of the power spectrum found in the previous section for the charge of a nearly neutral black hole. We first discuss some issues about the classical phenomenology of this noise spectrum and finally discuss questions about its effect on the structure of the spacetime itself.
The correlation function Eq.(3.19) depends on a single time scale τ . As seen from Eq.(3.7)
this time scale can be truly huge for astrophysical black holes. In those cases, all the 'noise'
of Eq.(3.19) happens at incredibly low frequencies and for all practical purposes we would say that the charge of the black hole was a constant. However, for a medium-sized hole whose lifetime is still long compared with the lifetime of the universe the noise can have support at 'everyday' frequencies. For example, for a black hole that would have a lifetime of a hundred times the age of the observable universe we find that τ ∼ 10 −6 seconds and by Eq.(3.19) that the hole charge is 'noisy' into megahertz frequency range.
What would be a practical observable consequences of this charge noise? It is interesting to calculate the effect this stochastic charge of the black hole would have on the scattering of a slowly (with respect to r + /τ ) moving particle of fixed charge. One finds that the noise has a tendency to repel charges, regardless of their sign, away from the hole! This rather curious-sounding conclusion can be reached a variety of ways, perhaps most instructively by integrating over the Gaussian noise kernel Eq.(3.19) in the path integral for the test particle.
The leading effect may be understood by paying particular attention to the zero-temperature limit (see the footnote below Eq. (3.19) ), as one does in the related case of dissipative quantum mechanics 25 when interested in the classical limit of the effective equations of motion. The path integral for a test particle of unit charge (±) moving under the influence of a stochastic charge Q is,
Where we have for simplicity ignored the gravitational attraction of the hole. M(Q) is the gaussian density whose variance is given by Eq.(3.19), in the low temperature limit. Performing the integration over Q we find
Writing down the equations of motion that follow from this lagrangian, we see that the last term contributes a term that is odd under t → −t. Non-local terms ('memory') in equations of motion are typical of the low-temperature limit of dissipative systems (see for example
Ref. [24] .) The net effect of the fluctuations of the charge of the hole is to create an effective repulsive force for charged test particles of either sign! As expected, the smaller the hole, the larger repulsion is for slowly moving test charges. Furthermore, the repulsion is proportional to the square of the charge of the particle. This behavior may be understood qualitatively from very simple models and is borne out well quantitatively in computer simulations of the motions of test charges under the influence of a stochastic charge of this type.
From the point of view of the correlation function Eq.(3.19) and the charge loss equation
Eq.(3.6) we may make a simple point about the classical version of the information loss paradox. The classical version of the information loss paradox in this context asks if it is possible to reproduce the initial time-dependent current that was used to charge a hole given only the resulting evaporation current. Indeed, Eq.(3.19) informs us that we should expect there to be all sorts of temporal correlations in the evaporation current that don't carry any 'information' about the initial charging current but that are a result of the quasi-equilibrium state. Furthermore, the first-order equation for the charge loss indicates that it will not be possible to simply 'evolve back' the fourier modes of the measured evaporation current.
Thus, as expected in this semiclassical picture, it is not possible to recover the information about the time-dependence of the initial charging current: electrically black holes act as lossy low-pass filters. Of course, one hopes that understanding evaporation non-perturbatively will ameliorate both this classical and the quantum mechanical information loss problem.
Another interesting consequence of the stochastic nature of the charge of the black hole is that the metric inherits a statistical interpretation. The metric of Eq.(2.2) for a static charged black hole has g 00 = 1 − 2M/r + Q 2 /r 2 , and since we expect Q 2 to vary in accordance with Eq.(3.19) we expect that as a consequence of back-reaction, the metric itself has statistical dispersion. Rather than solve the Vadia-Bonner metric for the time dependent metric exactly we approximate the true solution by the RN solution with time dependent M and Q. Indeed, for a small hole in a box filled with thermal radiation, thermal equilibrium suggests < δM >= 0 and we expect that the noise in the mass fluctuations has most of its support at lower frequencies* Thus, the total metrical dispersion, in the high frequency (ω > 1/τ but ω < 1/β, beyond which all noise is exponentially damped anyways.) limit, should be strictly larger * We would expect this to be true whenever the timescale τ describing the charge loss is small compared with the lifetime of hole were it to radiate into an empty vacuum. This is precisely the case for a black hole whose lifetime is shorter than about 10
4 times the present age of the universe.
than that due to the charge-charge correlator Eq.(3.19)
Seismology is the study of the temporal evolution of the geometry of quasi-static objects.
Eq.(4.3) may be thought of as a lower bound for the seismic activity in the geometry of the spacetime of a black hole, as seen by a stationary asymptotic observer. If one interprets
Eq.(4.3) and the correlator Eq.(3.19) as noise in the radial position of causal horizon, we find that the horizon dilates out and in several multiples of the hole's compton wavelength.
These are very small 'quakes' but correspond to radial dilation that could be larger than the distance between the horizon and the stretched horizon and so may be of consequence for understanding what an asymptotic observer sees happening at the stretched horizon 26, 27 .
Note that if we fix ω and pass to the thermodynamic limit (M → ∞) these fluctuation vanish,
as expected on general principles. also, although Eq.(4.3) is second order in the temperature (that is, second order in Planck's constant) it is the leading term and going beyond one loop in the quantum fields will generate higher order terms. Also, these radial dilations are completely distinct from the dispersion in the position of r = 0 due to momentum conservation during evaporation of Hawking quanta. They are also distinct from the dispersion of the gravitational shear of Ref. [18] . It is straightforward to compute the 'seismology' of the hole's geometry in higher spherical harmonics, but that is technically more complicated.
V. LANGEVIN VIEW OF SEMICLASSICAL GRAVITY
Of course not only the charge Q but also, M , the mass of the hole evolves semiclassically, and to really compute the correlations of the metric response we need to all the correlators < M M >, < M Q >, < QQ > (we neglect angular momentum evolution to simplify the discussion) and then compute the linear response about the metric Eq.(2.2) using the Einstein equations. This is a Langevin-like approach to the back reaction in Einstein equations.
Usually, in studying the back reaction semiclassically one solves
where < T µν > is the renormalized stress tensor in which appropriate boundary conditions are taken to match with the appropriate physical situation, for example, the evaporation of the hole. Since the spacetimes one is most interested in often have finite asymptotic masses and charges, we have argued in this paper that it is important to take into account the fluctuations about these values. The fluctuations for a black hole radiating into empty space are likely to be very close to those computed assuming equilibrium. Thus, in this Langevin-like approach to semiclassical gravity we would replace Eq.(5.1) with Einstein's equation
and to solve this for the variables g µν and their statistical properties, we specify < T µν > and < T µν (x)T αβ (x ′ ) > and all the corelation functions of the source T assuming equilibrium.
This is difficult to do in practice for technical reasons. In this paper we have not solved
Eq.(5.2) but the technically simpler situation of Einstein-Maxwell where we have treated only the electromagnetic current and its back reaction on the metric as a Langevin system.
Understanding semiclassical gravity from this quasi-equilibrium viewpoint which philosophically treats back reaction as a Langevin-like problem could lead to further elucidation of the properties of black holes.
